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The p - and s-polarized components of light can be suppressed on reflection at the same angle of incidence from an
absorbing substrate coated by a transparent thin film if the wave is refracted in the film at 450 and the constraint
Re[(E 2 - a)/(l - a)]1/2 = a + IE2 - al is satisfied, where 2a and E2 are the ratios of dielectric constants of the film
and substrate, respectively, to that of the ambient. For high-reflectance metal substrates (|JE >> 1), a 1, the
ratio of film to ambient refractive index approaches -\/2, and the unextinguished reflectances approach 1. The
least film thicknesses required to suppress the p and s polarizations are in the ratio 2:1. The analysis is applied
to Si and Al substrates in the near UV-visible-near-IR spectral range. It is found that the film refractive index
and thickness should be controlled to within +0.01 and ±5 A, respectively, for an Al substrate at 550 nm. Signifi-
cant applications are proposed that include parallel-mirror crossed polarizers, a novel polarimeter that integrates
the polarization-analysis and photodetection functions, high-reflectance crossed thin-film reflection polarizers in-
tegrated on the same substrate, and division-of-wavefront polarizing beam splitters.
1. INTRODUCTION
In this paper we determine the conditions that are required
for the extinction of the parallel (p) and perpendicular (s)
polarized components of a plane wave of light (or any other
electromagnetic radiation) on reflection at the same angle of
incidence from an absorbing substrate coated by a transparent
thin film. For given substrate and ambient media, suppres-
sion of both polarizations at a common angle of incidence
occurs for a certain ratio of film to ambient refractive index
that approaches -\X- for high-reflectance metallic substrates.
We find that the least film thickness required to suppress the
p polarization is exactly double that required for suppression
of the s polarization. The associated unextinguished reflec-
tances are also determined and found to be high when the
substrate reflectance is high.
The analysis is applied to Si and Al substrates over a range
of wavelengths from the near UV to the near IR, and the ef-
fects of errors of film refractive index, thickness, and incidence
angle are considered.
Several interesting and important applications are pro-
posed. They include new devices (integrated crossed thin-
film reflection polarizers, division-of-wavefront polarizing
beam splitter and half-shade device, parallel-mirror crossed
polarizers), a novel polarimeter that integrates the polariza-
tion analysis and photodetection functions, and optimum
conditions for film-thickness metrology using reflection in-
terferometry and ellipsometry.
2. CONDITIONS FOR EQUAL p AND s
POLARIZING ANGLES
In Fig. 1, a plane wave of monochromatic light traveling in a
transparent medium of refractive index No is incident at an
angle a on an absorbing substrate of complex refractive index
N2 coated by a transparent thin film of refractive index N1.
The film has a uniform thickness d = dp over one area of the
substrate and a different uniform thickness d = d, over the
remaining area. The media of incidence, film, and substrate,
denoted by 0, 1, and 2, respectively, are assumed to be linear,
homogeneous, isotropic, and nonmagnetic and are separated
by parallel-plane interfaces.
For given media in contact with the film, i.e., for given No
and N2 , we seek the conditions required to suppress the p-
polarized component of the wave reflected from the film of
thickness dp and the s-polarized component of the wave re-
flected from the film of thickness d, at the same angle of in-
cidence = op,,.
The complex-amplitude reflection coefficient of the film-
substrate system is'
R = (roj1 + r12VX)/(l + rjvrl2iX), (1)
where rol, and r12, are Fresnel's reflection coefficients of the
01 and 12 interfaces for the v (= p or s) polarization, and
X = exp(-j27r),
= d/D,,





P is the normalized film thickness, D4, is the film thickness
period, and X is the free-space wavelength of light. Extinction
of the v polarization on reflection occurs when rov + rl 2,X =
0, or
(5)
as is evident from Eq. (1). If N, > No sin 0, i.e., in the absence
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Fig. 1. Reflection of a plane wave by an absorbing substrate coated
by a transparent thin film of uniform thicknesses d, and d8 over ad- , ajacent areas of the substrate. Conditions are found for the extinction
of the p- and s-polarized components at the same incidence angle /
= ps from the d- and d8 -coated areas, respectively.
of total internal reflection at the 01 interface, D, and ¢ are /
real; hence IX = 1, as can be seen from Eqs. (2)-(4). Conse- a
quently, from Eq. (5), extinction of both polarizations at the w -d.24 0.24 0.'4 0.60 0. 0 1. 0
same angle requires that RE (2
Iroi.,I = r12sI (6a) (a)
and
Iroip = r12pI (6b)
be satisfied simultaneously.
If Eq. (6a) is satisfied, Eq. (6b) will also be satisfied simul- a
taneously if and only if the angle of light refraction in the film
is 45°. Light refraction at 450 guarantees that2
rop = -rois 2 (7) 0
and j' a
r12p = r2s 2 . (8) /7
The Fresnel reflection coefficients of the film-ambient (10) a
and film-substrate (12) interfaces for the s polarization at 450
incidence are given by4
r1o. = (S - So)/(S + So), (9a) _ .7\
2.0 4.a 6.0 8.0 10
r12. = (S - S2)/(S + S2) (9b) RE(2)
where (b)
So = (No2 - 1/2N 12)1/2, 
S = N1/Vi, (10)
S2 = (N22 - 12N12 )1/2.
S2 is complex; S is real, and so is So when No > Nl/-\.
Because rol, = -rloz Eq. (6a) is satisfied if WZi00
rios 2 = r12sr)2s
Substitution of Eqs. (9) into Eq. (11) gives a
S2 + S2* = 2 o(S, 2 + S2S2*) / .s\
or a ( 97
Re(S 2 ) = So(S12 + 1S212). (12)
If we substitute Eqs. (10) into Eq. (12), and use the normali- a a , 20 40 Is 8 1
zation
E2 = N 2
2 /No 2 = n 2
2
, (13a) (C)
= N 212N 0
2
= ni2/2, (13b) Fig. 2. Constant-a contours in the complex 2 plane. (a) 0 < a <
0.5, (b) 0.5 < a 0.9, and (c) 0.9 < ct < 1. This figure represents a
we obtain graphical solution of Eq. (14).
R. M. A. Azzam
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Re() = a +162 - al. (14)
Equation (14) is an important result of this paper. It repre-
sents the constraint on the optical properties of the system of
Fig. 1 such that suppression of both the p and s polarizations
is possible at the same incidence angle. The normalized di-
electric constants e2 (complex) and 2a = el (real) are ratios of
the dielectric constants of the substrate and film, respectively,
to that of the ambient, as is indicated by Eqs. (13). Equation
(14) is a transcendental equation that can be solved for a for
any given complex E2. The normalized film refractive index
n, is related to a by Eq. (13b):
n = Ni/No = (2a)1 /2. (15)
where bij, = arg (rij,) is the reflection phase shift at the ij in-
terface for the v polarization.
Under the condition of 45° refraction, Eqs. (7) and (8) are
satisfied; hence
Solp = 26ols + r, 6 12p = 26,12- (20)
Substitution of Eqs. (20) into Eq. (19a) and comparing the
result with Eq. (19b) show that
up = 2 S. (21)
Multiplication of Eq. (2i) by the film-thickness period D6
evaluated at the common p and s polarizing angle of incidence
(kp,, gives
dp = 2d,. (22)
Constant-a contours in the complex E2 plane are plotted in
Figs. 2(a), 2(b), and 2(c) for the following ranges of a: (a)
0 < a < 0.5, (b) 0.5 < a < 0.9, and (c) 0.9 < a < 1, respectively.
a = 0.5 is represented by the single point Re(e2) = 1, Jm(e2)
= 0 and marks the transition between internal reflection (a
< 0.5) and external reflection (a > 0.5) at the 01 (ambient-
film) interface. It is evident from Figs. 2(a) and 2(c) that
contours for a < 0.05 and a > 0.99 would fill the rest of the
plane. Thus a solution of Eq. (14) for a exists for every
complex ( 2; hence a film refractive index can always be found
to equalize the p and s polarizing angles for all ambient and
substrate media.
Appendix A describes the procedure used to generate Fig.
2 from Eq. (14). In Section 5 solutions of Eq. (14) are given
for specific material systems.
When E2 is real and >a, Eq. (14) reduces to
(2- a 1/2
from which
a = E2 /(E2 + 1). (16)
In terms of the normalized film and substrate refractive in-
dices ni and n2 [Eqs. (13)], Eq. (16) reads
n12 = 2n2
2 /(n 2 2 + 1), (17)
which is identical to the result we previously obtained
5 for this
special case of a transparent film on a transparent sub-
strate.
Once a is obtained by solving Eq. (14) for a given E2 , the
common polarizing angle of incidence for the p and s polar-
izations is determined by the condition of light refraction in
the film at 450 and Snell's law:
sin p,s = ni/ (18a)
= a112 (18b)
3. REQUIRED FILM THICKNESSES
The required normalized film thicknesses 6 for suppression of
the p and s polarizations are obtained from Eqs. (2) and
(5):
Up = (6 12p - bolp ± 7r)/2r, (19a)
As = (6125 - 76rs i)/2r, (19b)
Thus we reach the interesting conclusion that the film
thickness required to suppress the p polarization is exactly
double that required to suppress the s polarization at the
common polarizing angle op,5, independent of the optical
constants of the system.
4. UNEXTINGUISHED REFLECTANCES
The unextinguished (nonzero) complex-amplitude reflection
coefficients for the s and p polarizations and their ratio are
obtained from Eqs. (1), (5), (7), and (8) as
Rs = rols(rols + rl2s)/(rols 3 + rl2s), (23)
Rp= -rols (rols + rl2s)/(l + rOls3 r 2s), (24)
(25)Rp/Rs = -(rols 3 + rl2s)/(1 + rolS3ri2s)-
We can write
rl2s = reP, rols = Fr, (26)
where the - and + correspond to external (a > 0.5) and in-
ternal (a < 0.5) reflection at the 01 interface, respectively.7
Substitution of Eqs. (26) into Eqs. (23) and (24) gives
(27)
(28)
Rs = -r(1 - eji)/(r 2 -e),
Rp = -r2 (1 - ej6 )/(l - r4eb),
when a > 0.5, and
R, = r(1 + eji)/(r2 + e6), (29)
Rp = -r2 (1 + eji)/(1 + r4 ei6 ), (30)
when a < 0.5. Equations (27)-(30) express the unextin-
guished reflection coefficients in terms of the single Fresnel
reflection coefficient r12,. This film-substrate interface re-
flection coefficient for the s polarization at 450 incidence is
given by
1; - [(E2/a) -1]1/2
1 + [(C2/a) - 111/2'
(31)
from Eqs. (9b), (10), and (13).
Of interest also are the intensity (power) reflectances:
R = Rvl 2 , V = p, S. (32)
For the special case of a transparent substrate, we have 6
= r when a > 0.5, and w = 0when a < 0.5. If 6 = r is substi-
tuted into Eqs. (27) and (28) and 6 = 0 into Eqs. (29) and (30),
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it can be readily verified that the resulting reflection coeffi-
cients satisfy the relation
(33)
From Eqs. (32) and (33), the associated intensity reflectances
are interrelated by
fRp = [/(2 - )]2. (34)
Equations (33) and (34) reproduce exactly what we obtained
before for this special use.5
5. EXAMPLES OF SEMICONDUCTOR AND
METALLIC SUBSTRATES
The analysis of Sections 2-4 is applied to Si and Al as repre-
sentative examples of semiconductor and metallic substrates.
We take the optical constants of Si in the 206.6-826.3-nm
(1.5-6-eV) spectral range of Aspnes and Studna 8 and those
of Al in the 400-950-nm range from a recent review by Ordal
et al.9 The medium of incidence is assumed to be air or vac-
uum (No = 1).
2.555 4.555 6.5Be 8.555 1 e. am
A(nm1) (X10 ) 14. 55
Fig. 5. The normalized (S) and actual (di, in nanometers) film
thicknesses required to suppress the s polarization versus wavelength
X (in nanometers) for a Si substrate covered by a transparent thin film
of refractive index given by Fig. 3. p and dp that suppress the p
polarization equal 2s and 2d3, respectively.
2.000 4.000 6.000 8. see l a. ( 8) X 1 0 )
Fig. 3. Refractive index N of a transparent layer on a Si substrate
required for equal p - and s-polarizing angles versus wavelength (in
nanometers). Light is incident from air or vacuum, and the optical
constants of Si are obtained from Ref. 8.
'0
N.
'-I I I I I2.555 4.500 6.555 A 70
Aknrn) tX10 
Fig. 4. The common p- and s-polarizing angle p, versus wavelength
X (in nanometers) for a Si substrate covered by a transparent thin film
of refractive index given by Fig. 3.
8.000 .000
k(nm) (X10 )
Fig. 6. The unextinguished reflectances (?) versus wavelength X
(in nanometers) for the s polarization (upper curve) and p polarization
(lower curve) of reflection polarizers that use a Si substrate coated
by a thin film of refractive index given by Fig. 3.
Plotted in Figs. 3-6 versus wavelength X (in nanometers)
for the Si substrate are
(1) The film refractive index10 N 1 for equal polarizing
angles obtained by solving Eq. (14) (Fig. 3);
(2) The common polarizing angle p, 8 from Eq. (18) (Fig.
4);
(3) The normalized () and actual (d, in nanometers)
film thicknesses required to suppress the s polarization from
Eqs. (19b), (3), and(4) (Fig. 5); the normalized and actual film
thicknesses required to suppress the p polarization are given
by p = 2 and dp = 2ds [Eqs. (21) and (22)], hence are rep-
resented also by Fig. 5 if its ordinate scales are multiplied by
2;




RP = -R., 1A2 -R., 2).
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Table 1. Characteristics of Thin-Film Reflection Polarizers on a Si Substrate with Equal p and s Polarizing
Anglesa
X (nm) N2 kpA dB5 g, 5s
(hp) (n2-jk2 ) N1 (deg.) (nm) (%) (N)
206.57 1.010-j2.909 1.409071 85.112 0.40756 42.25 88.24 96.87
(6 eV)
247.88 1.570-j3.565 1.408445 84.823 0.42709 53.15 87.31 96.60
(5 eV)
309.85 5.010-j3.586 1.402582 82.646 0.46912 73.28 77.09 93.45
(4 eV)
413.14 5.222-jO.269 1.389117 79.190 0.49663 104.44 57.90 86.42
(3 eV)
516.42 4.215-jO.060 1.376035 76.656 0.49880 132.37 44.14 79.83
(2.4 eV)
619.70 3.906-jO.022 1.370030 75.640 0.49948 159.76 39.04 76.91
(2 eV)
729.06 3.752-jO.010 1.366512 75.076 0.49974 188.53 36.36 75.23
(1.7 eV)
826.27 3.673-jO.005 1.364545 74.770 0.49986 214.03 34.94 74.30
(1.5 eV)
a The medium of incidence is assumed to be vacuum or air (No = 1). X is the wavelength of light. N2 is the complex refractive index of Si from Ref. 8, and N1
is the film refractive index for equal polarizing angles [from Eq. (14)]. p is the common polarizing angle [Eq. (18)]. A and d3 are the normalized and actual least
film thicknesses that suppress the s polarization, respectively. ( = 2, dp= 2d, for suppression of the p polarization.) fRp and 1i8 are the unextinguished p
and s reflectances. The suppressed reflectances (not shown) are less than 10-6.
Table 2. Characteristics of Thin-Film Reflection Polarizers on an Al Substrate with Equal p and s PolarizingAnglesa
N2 Ipps ds ?ps
X (nm) (n2-jk2) N1 (deg.) As (nm) (%) (%)
400 0.40-j3.92 1.413867 88.732 0.42350 84.72 99.17 99.79
450 0.49-j4.32 1.413844 88.690 0.43014 96.81 99.13 99.78
500 0.62-j4.80 1.413809 88.630 0.43686 109.25 99.05 99.76
550 0.76-j5.32 1.413798 88.611 0.44288 121.83 99.03 99.76
600 0.97-j6.00 1.413785 88.590 0.44933 134.84 99.01 99.75
650 1.24-j6.60 1.413733 88.506 0.45416 147.65 98.90 99.72
700 1.55-j7.00 1.413627 88.350 0.45723 160.10 98.66 99.66
750 1.80-j7.12 1.413491 88.168 0.45849 172.02 98.35 99.59
800 1.99-j7.05 1.413321 87.964 0.45866 183.58 97.97 99.49
850 2.08-j7.15 1.413298 87.938 0.45940 195.37 97.92 99.47
900 1.96-j7.70 1.413581 88.286 0.46158 207.80 98.56 99.64
950 1.75-j8.50 1.413855 88.710 0.46441 220.65 99.18 99.79
a The medium of incidence is assumed to be vacuum or air (No = 1). X is the wavelength of light. N2 is the complex refractive index of Al from Ref. 9 and N1
is the film refractive index for equal polarizing angles [from Eq. (14)]. p,, is the common polarizing angle [Eq. (18)]. As and d, are the normalized and actual least
film thicknesses that suppress the s polarization, respectively. (tp = 2!;5 dp = 2d8 for suppression of the p polarization.) 1p and I?, are the unextinguished p
and s reflectances. The suppressed reflectances (now shown) are less than 10-6.
Table 1 lists part of the numerical data used to generate
Figs. 3-6 at several wavelengths.
The structure of the curves of Figs. 3-6 is due to the spectral
structure of the complex dielectric function E2 (or n2 , k2) of
Si.8 Figure 6 shows that high unextinguished s and p re-
flectances (>88%) are attainable in the near UV where the
normal-incidence reflectance of Si is high. Figure 3 indicates
that the associated film refractive index approaches d/ =
1.414. This is expected from Eq. (14) and from Fig. 2(c),
which shows that a -> 1, hence ni -I -\/2, as Re(e 2), Im(e 2 )
become large. Figure 5 shows that As approaches 0.5 at longer
wavelengths (in the near IR). s = 0.5 holds exactly when the
substrate is transparent.5
For brevity, we present the results for Al in tabular form
only (Table 2). For such a high-reflectance metal substrate,
polarization on reflection occurs near grazing incidence (90°
- op, < 3), the film refractive index for equal p and s pola-
rizing angles essentially equals X2, and the unextinguished
reflectances are very high (>97%) at all wavelengths.
To preserve the integrity of the numerical solution of Eq.
(14), N1 is given in Tables 1 and 2 to six decimal places. The
computed extinguished p and s reflectances are always
<10-6.
For the two cases considered, the unextinguished p reflec-
tance is always less than the unextinguished s reflectance. In
fact, Rp < R, holds for all cases, as can be proved from Eqs.
(25) and (26). Furthermore, we have found that Eq. (34),
which strictly applies for transparent substrates, 5 is satisfied
with negligible error (<<1%) when the substrate is absorbing,
as the reader can verify using the Rp and has Slata of Tables
1 and 2.
To use transparent films of refractive ind&es-\/_, a dense





Fig. 7. A scheme similar to that of Fig. 1 but with a dense medium
of incidence-a prism that now acts as a substrate. The polarizing,
stepped-thickness, dielectric film is first deposited onto the prism face
and is subsequently overcoated by an opaque metal layer. This in-
ternal-reflection arrangement permits the use of dielectric thin films
of refractive index >/-.
medium of incidence is required. For example, light may be
incident in glass (No = 1.5) onto a polished face coated by a
stepped-thickness dielectric film of refractive index N =
No(2a)1/ 2 1.5\/2 = 2.12. An opaque metal (Al) layer is
subsequently deposited over the dielectric film, as shown in
Fig. 7. In this design, the solid medium of incidence acts as
the support or substrate.
6. ERROR ANALYSIS
It is important to consider the effects of small errors of re-
fractive index, thickness, and angle of incidence on the sup-
pressed p and s reflectances. For illustration, we assume the
reflection of 550-nm light in air (No = 1) from an Al substrate
(N 2 = 0.76-j5.32) coated by a dielectric film of refractive index
N, = 1.4138 \ . Film thicknesses required to suppress
N:
AL, AIR AB, G0-nm
ad ()
Fig. 9. Same as in Fig. 8 but for thickness shifts of up to +10 A











Fig. 8. Effect of errors of film refractive index N1 on the suppressedp and s reflectances (lower and upper curves, respectively) of com-
mon-polarizing-angle thin-film reflection polarizers that use an Al
substrate (N2 = 0.76-j5.32) coated by a dielectric layer whose re-
fractive index should be N = 1.4138 E . Light of wavelength
= 550 nm and an air ambient are assumed.
Fig. 10. Same as in Fig. 8 but for angular shifts of up to 1 around
the common polarizing angle p,8 = 88.610. The curves of Blp and
R,,s nearly coincide.
the p and s polarizations at the same angle, ps 88.61°, are
dp = 243.66 nm and d = 121.83 nm, respectively. The as-
sociated passed reflectances are B8 = 99.76 and Blp = 99.03%.
Suppressed reflectances are computed as each parameter is
shifted from its proper value, one at a time.
Figure 8 shows the variation of the suppressed reflectances
Yp, R as N 1 is shifted by 0.05. p is stationary with re-
spect to small changes of N around N = X . This can be
traced back to the stationary property of the Fresnel coeffi-
cient rlp at 45° refraction.2 We conclude that it is advan-
tageous to make p-suppressing thin-film reflection polarizers
with a dielectric layer of refractive index A on a high-
reflectance metal. By comparison, increases rapidly with
I ANIJ. To keep R < 3 X 10-3, N should be controlled to
within 0.01.
Figure 9 displays ip, Ji, as d shifts from dp or d by 10
A. Both p and R are sensitive to thickness errors, with A,
being the more sensitive of the two reflectances. To maintain
R < 0.014, d should be controlled to within 5 A.
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Figure 10 demonstrates that the suppressed reflectances
Bp, R are equally sensitive to angle shifts of ±1° around Up,
= 88.610. A shift of +0.050 increases the suppressed reflec-
tances from 4 X 10-7 to 3 X 10-4.
We have also considered the effects of shifts of N1, d, and
0 on the passed reflectances. We find that the s and p un-
extinguished reflectances remain essentially unchanged with
changes of film refractive index and thickness of ±0.05 and
±10 A, respectively. However, these reflectances increase
linearly with 'k around 0p, with a modest slope (B8 increases
from 99.76 to 99.93%, and Bp increases from 99.03 to 99.73%,
as 0 increases from 88.61° to 89.610). Graphs for the passed
reflectances are omitted, to save space.
While the required film refractive index (0.01) and
thickness (±5 A) control is demanding for the specific example
taken here, it is within the scope of today's technology.
Furthermore, conditions can be sought for more error-tolerant
designs.
7. APPLICATIONS
Many interesting and important applications are based on the
new ideas presented in this paper. They may be grouped into
three categories: A, novel devices; B, a novel polarimeter; and
C, applications to thin-film metrology.
A. New Devices
In the scheme of Fig. 1 we accomplish (1) integrated crossed
thin-film reflection polarizers (ICTFRP's) on the same sub-
strate, (2) a division-of-wavefront polarizing beam splitter
(DOWPBS), and (3) a thin-film reflective half-shade device"
(TFRHSD). With high-reflectance metal substrates, we re-
alize high unextinguished reflectances (e.g., >99% for Al at 550
nm), whereas only modest reflectances are possible with di-
electric substrates.5 Polarized optical wave fronts with jux-
taposed fields of alternating orthogonal linear polarization
states can be generated by reflecting a plane wave at the
common polarizing angle from a metallic substrate that is
covered by a dielectric layer of certain refractive index [that
satisfies Eq. (14); N, i ]. The layer thickness alternates
between the polarizing thicknesses d8 and dp = 2d, in a pat-
tern that corresponds to the desired binary polarization pat-
tern of the reflected wave. Such a film can be prepared by
well-established lithographic techniques. Films with re-
fractive index > can be used if the medium of incidence
is dense, as shown by the internal-reflection arrangement of
Fig. 7.
We also achieve the simplest pair of parallel-mirror crossed
polarizers (Fig. 11). In this case, parallel planar metallic
mirrors (which may consist of a dielectric, e.g., glass, substrate
covered by an opaque metal, e.g., Al, film) are coated by
transparent layers of the same material of the proper refrac-
' /~~~~~I'
Fig. 11. Parallel-mirror crossed polarizers using the same dielec-
tric-film-metal-substrate system. The p-polarizing thickness of the
film on one mirror is double that of the s-polarizing thickness on the







Fig. 12. The system of Fig.11 can be used as a novel polarimeter that
integrates the polarization-analysis and photodetection functions.
The component polarization that is suppressed on reflection is ab-
sorbed by the substrate and generates a proportional signal I, (v =
p, s). The degree of linear polarization of the incident flux, given by
P = (Ip - Is)/(Ip + Is), is measured.
tive index (cVf for a high-reflectance metal) but of different
thicknesses, dp and d8, on the two mirrors. With mono-
chromatic light incident at the common polarizing angle, this
system functions as a pair of crossed polarizers. Such a sys-
tem may replace the conventional crossed crystal or di-
chroic-sheet polarizers in a variety of instruments such as the
polarizing microscope, photoelasticity and flow-birefringence
apparatus. These crossed thin-film reflection polarizers are
not area limited (basically) so that they may be made to large
size to suit special needs.
B. Novel Integrated Polarimeter
The linearly polarized component of the incident radiation
that is not reflected by a thin-film reflection polarizer is, of
course, absorbed by the substrate. A proportional (e.g.,
photoelectric or photoacoustic) signal can be generated as a
result of this absorption that may be detected. By integrating
the polarization and detection functions, we achieve the
simple and novel polarimeter shown in Fig. 12. It consists of
the same pair of parallel-mirror, crossed, thin-film reflection
polarizers shown in Fig. 11, with the further provision of re-
cording signals Ip and I, that result from the suppression (and
absorption) of the p and s polarizations of the incident ra-
diation on reflection from the first and second mirrors, re-
spectively. For simplicity, let us assume the unextinguished
s reflectance to be u100% (e.g., reflectance >99% is achieved
with an Al substrate and >95% with Si in the UV). This po-
larimeter gives the degree of linear polarization of the input
flux,
(35)
in terms of the two detected signals Ip and I,. Because the
unextinguished s reflectance is higher than the unextin-
guished p reflectance, it is preferable to make the p-sup-
pressing mirror as the first-to-be-encountered polarizer, as
suggested by Fig. 12.
Although this polarimeter does not measure all four Stokes
parameters of light (i.e., it is not a complete polarimeter),12
the degree of linear polarization is significant in atmospheric,
astronomical, and linear-dichroism studies.13"4 In ellip-
sometry, it amounts to measuring 4 only, which is sufficient
for certain applications.15
C. Thin-Film Metrology
In the study of variable-thickness films by reflection inter-
ferometry, maximum fringe visibility is obtained when inci-
R. M. A. Azzam
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dent p- or s-polarized light shines at the corresponding
polarizing angle.16 For a given film, the ambient and/or
substrate may be selected to equalize the p and s polarizing
angles. This achieves optimum fringe visibility with either
the p or s polarization and also with incident light that is
unpolarized or arbitrarily polarized.
Reflection ellipsometry' to study film growth under the
conditions described in this paper is also optimal in the sense
that the maximum possible changes of the ellipsometric angle
4' occur, from 0 when d = dp to 900 when d = d. Thus '
becomes a sensitive parameter to film growth, in contrast with
the usual circumstance of relying mainly on the relative phase
shift A.
8. SUMMARY
Conditions for the extinction of the p and s polarizations of
a plane wave of light on reflection at the same angle from an
absorbing substrate coated by a transparent thin film have
been derived. This occurs when light refracts in the film at
450 and when a certain constraint on the optical constants of
the system, Eq. (14), is satisfied. Figure 2 demonstrates the
nature of this constraint. A film refractive index can always
be determined that achieves equal polarizing angles [given by
Eqs. (18)] for given substrate and ambient refractive indices.
For high-reflectance substrates, the ratio of film to ambient
refractive index approaches \/. The film thickness required
to suppress the p-polarized component of light is exactly
double that required for extinction of the s-polarized com-
ponent at the common polarizing angle. Specific results are
given is Section 5 for Si and Al as representative examples of
absorbing semiconductor and metallic substrates. High re-
flectance of the bare substrate leads to high unextinguished
p and s reflectances of the film-substrate reflection polarizers.
Sensitivity to errors of film refractive index, film thickness,
and angle of incidence is studied in Section 6. It is found that
precise control of refractive index (±0.01), thickness (5 A),
and angle of incidence (0.25°) may be required.
Several important applications have been briefly discussed
in Section 7. They include new devices, such as integrated
crossed thin-film reflection polarizers, division-of-wavefront
polarizing beam splitter, and a half-shade device. Parallel-
mirror crossed polarizers are suggested for the first time to the
author's knowledge. Such a system can also be employed as
a novel polarimeter in which the polarization-analysis and
photodetection functions are integrated. Finally, it is indi-
cated that the conditions described in this paper are optimal
in thin-film metrology based on reflection interferometry and
ellipsometry.
APPENDIX A: SOLVING EQUATION (14) AND
PLOTTING FIGURE 2
Equation (14) cannot be solved explicitly for a in terms of
complex 2. For a given 2, a is determined numerically by
iteration.
However, for a given a and Re(e2 ), Eq. (14) can be solved
explicitly for Im(e2). This makes possible the direct genera-
tion of data required to plot the constant-a contours of Fig.
2, by assigning a sequence of values to Re(E2), for a given a, and
solving for the corresponding values of Im(e2). The procedure
is as follows. First we set
2 =` 2r-jE2i
and
A = E2r -a
in Eq. (14) and get
Re(o - j2i) 1 /2 = (1 - a)1/2[a + I3 -jE 2 j1].
In terms of the angle






(fl/cos 0)1/2 cos(0/2) = (1 - cx)'/2[a + (/cos 0)]. (A5)
Squaring both sides of Eq. (A5), the result can be put in the
form of a quadratic equation:
A COS 2 0 +B cosO + C = 0,
where
A = 2( - a) - 1/20,
B = 2afl(1 - a) - /2,
C = 2 ( - a).
Equation (A6) is solved for cos 0:
cos 0 = [-B (B 2 - 4AC)'/ 2]/2A.
Finally, 2i is obtained from and cos 0 as
E2 = tan 0





Both roots in Eq. (A8) that lead to 2i > 0 are acceptable for
certain ranges of a and 2r, as is evident from Fig. 2.
ACKNOWLEDGMENT
I thank Tracy F. Thonn for his competent assistance in per-
forming the necessary computations. This work was sup-
ported by the State of Louisiana Board of Regents and the
Foundation for a Better Louisiana.
This paper was presented at the 1984 Annual Meeting of
the Optical Society of America, San Diego, California, October
29-November 2.
REFERENCES
1. See, for example, R. M. A. Azzam and N. M. Bashara, Ellip-
sometry and Polarized Light (North-Holland, Amsterdam, 1977),
Sec. 4.3.
2. R. M. A. Azzam, "Consequences of light reflection at the interface
between two transparent media such that the angle of refraction
is 45°," J. Opt. Soc. Am. 68, 1613-1615 (1978).
3. F. Abelds, "Un th6ordme relatif la reflexion metallique," C. R.
Acad. Sci. 230, 1942-1943 (1950).
4. See, e.g., Ref. 1, Sec. 4.2.
5. R. M. A. Azzam, "Division-of-wavefront polarizing beam splitter
and half-shade device using dielectric thin film on dielectric
substrate," Appl. Opt. 23, 1296-1298 (1984).
6. For definiteness, we limit to the range 0 < < 1; i.e., we consider
only the least film thicknesses within the first thickness period
0 < d < D,. Valid larger polarizing film thicknesses are obtained
by adding integral multiples of Do to dp and d.
R. M. A. Azzam Vol. 2, No. 2/February 1985/J. Opt. Soc. Am. A 197
7. Throughout this paper we assume the Nebraska (Muller) con-
ventions. See R. H. Muller, "Definitions and conventions in el-
lipsometry," Surface Sci. 16, 14-33 (1969).
8. D. E. Aspnes and A. A. Studna, "Dielectric functions and optical
parameters of Si, Ge, GaP, GaSb, InP, InAs, and InSb from 1.5
to 6.0 eV," Phys. Rev. B 27, 985-1009 (1983).
9. M. A. Ordal, L. L. Long, R. J. Bell, S. E. Bell, R. R. Bell, R. W.
Alexander, Jr., and C. A. Ward, "Optical properties of the metals
Al, Co, Cu, Au, Fe, Pb, Ni, Pd, Pt, Ag, and W in the infrared and
far infrared," Appl. Opt. 22, 1099-1119 (1983).
10. Fluoride film materials (such as cryolite, chiolite, LiF, MgF2 ,
CaF2 , and ThF 4 ) have refractive indices in the range covered by
Fig. 3. See, e.g., H. K. Pulker, "Characterization of optical thin
films," Appl. Opt. 18, 1969-1977 (1979).
11. For a discussion of conventional division-of-amplitude polarizing
beam splitters and half-shade devices, see Sec. 10, "Polarization,"
by J. M. Bennett and H. E. Bennett in Handbook of Optics, W.
G. Driscoll and W. Vaughan, eds. (McGraw-Hill, New York,
1978).
12. P. S. Hauge, "Survey of methods for the complete determination
of the state of polarization," Proc. Soc. Photo-Opt. Instrum. Eng.
88, 3-10 (1976).
13. T. Gehrels, ed., Planets, Stars and Nebulae Studied with Pho-
topolarimetry (U. Arizona Press, Tucson, 1974).
14. R. M. A. Azzam and D. L. Coffeen, eds., Optical Polarimetry:
Instrumentation and Applications, Proc. Soc. Photo-Opt. In-
strum. Eng. 112 (1977).
15. A.-R. M. Zaghloul and R. M. A. Azzam, "Single-element rotat-
ing-polarizer ellipsometer: psi meter," Surface Sci.96,168-173
(1980).
16. R. H. Muller and M. L. Sand, "Optimum angle of incidence for
monochromatic interference in transparent films on absorbing
substrates," J. Opt. Soc. Am. 70, 93-97 (1980).
